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INTRODUCTION 

 If a single independent variable and a single dependent variable is used to explain 
variations, then the model is known as a simple regression model. 

 If multiple independent variables are used to explain the variation in a single  
dependent variable, it is called multiple regression model . 

 Multiple regression is an appropriate method of analysis when the research problem 
involves a single metric dependent variable presumed to be related to two or more 
metric independent variables. 



INTRODUCTION 

 Multiple Regression helps to predict the changes in dependent variable in response to changes in independent 
variables. 

This objective is most often achieved through the rule of least squares. 

 The main objective of regression analysis is to explain the variations in one variable (dependent variable), based on 
the variations in one or more variables ( independent variables). 

 The form of regression equation could be linear or non-linear. 

 Multiple Linear Regression model is: 

Y = b0+ b1X1 + b2X2 + … + bnXn + ei 

 b0     is the intercept term and   

bi is the slope of Y on dimension Xi 
 b1, b2, …, bn called “partial” regression coefficients 

 the magnitudes (and even signs) of B1, B2, …, Bn depend on which other variables are included in the multiple 
regression model 

 might not agree in magnitude (or even sign) with the bivariate correlation coefficient r between Xi and Y 

  

  



GAUSS MARKOV THEOREM 

  Gauss–Markov theorem, states that in a linear regression model in which the errors have expectation zero and 
are uncorrelated and have equal variances, the Best Linear Unbiased Estimator (BLUE) of the coefficients is given by 
the ordinary least squares (OLS) estimator.  

 Here "best" means giving the lowest variance of the estimate, as compared to other unbiased, linear estimators.  

 The Gauss–Markov assumptions concern the set of error random variables, i: 

•They have mean zero: E[ i]=0 

•They are homoscedastic, that is all have the same finite variance: Var( i)=  
2 

•Distinct error terms are uncorrelated : Cov( i ,j) = 0,  i  j. (No Autocorrelation) 

•The explanatory variables are uncorrelated with each other. (No Multicollinearity) 

•  The model is Completely Specified. ( No Specification Bias) 

•The model is exactly identified  (No Identification Bias)  



TERMS 

Regression variate:                             
Linear combination of weighted independent variables used collectively to predict the dependent 
variable. 

Least squares:                                     
Estimation procedure used in simple and multiple regression where by the regression coefficients 
are estimated so as to minimize the total sum of squared residuals. 

Coefficient of determination (R Square):                               
It measures strength of the model. This measure gives the percentage of variation in the dependent 
variable that is accounted by the independent variable. 

Beta coefficients:                           
Standardized regression coefficients allows direct comparison between coefficients as to their 
relative explanatory power of dependent variable. 

Eigen values:-                                                                                                                          
Column sum of squared loadings for a variable; also referred to as a latent root. It represents the 
amount of variance accounted for by a variable. 

 



TERMS 

Co-linearity or multicollinearity:                  
Expression of the relationship between two or more independent variable. 

Stepwise estimation:                 
Method of selecting variables for inclusion in the regression model starts by selecting 
the best predictor of the dependent variable. 

Backward elimination:                        
Method of selecting variables for inclusion in the regression model that starts by 
including all independent variables in the model and then eliminating those variables 
not making the significant contribution to prediction. 

Forward estimation: Method of selecting variables for inclusion in the regression 
model starting with no variables in the model and then adding one variable at the 
time based on its contribution to prediction. 



FLOW CHART 
Research Problem 

Select objectives: 

•Prediction 

•Explanation 

Select dependent and independent variables 

Research Design Issues: 

Obtain an adequate sample size to ensure: 

•Statistical power 

•Generalizability 

Creating Additional Variables 

Transformation to meet assumptions 

Dummy variables for use of non- metric variables 

To  

stage  

3 

Stage 1 

Stage 2 



FLOW CHART 

From  

stage  

2 

Assumptions: 

Normality 

Linearity 

Homoscedasticity 

Independence of error term(Autocorrelation) 

No multicollinearity 

Yes No (Go to stage 2) 

Stage 3 

To  

stage  

4 



FLOW CHART 
Select an estimation technique: 

Forward/backward estimation 

Stepwise estimation 

Select an estimation technique: 

Forward/backward estimation 

Stepwise estimation 

From  

stage  

3 

Examine statistical and practical significance: 

Coefficient of determination 

Adjusted R square 

Standard error of estimates 

Statistical significance of regression coefficient 

 

 
To  

stage  

5 

Stage 4 



FLOW CHART 

From  

stage  

4 

Interpret the regression variable: 

•Evaluate the prediction equation with the 

regression coefficient 

•Evaluate the relative importance of 

independent variables with the beta 

coefficients 

•Assess Multicollinearity 

Validate the results: 

Split-sample analysis 

 

Stage 5 

Stage 6 



QUESTION: 

 A manufacturer and  a marketer of electric motors would like to build a regression 
model consisting of five or six independent variables, to predict sales. Past data has 
been collected for 15 sales territories, on sales and six different independent 
variables. Build a regression model and recommend whether or not it should be used 
by the company. 

  

  



QUESTION: 



DATA 
1 

SALES 

2 

POTENTL 

3 

DEALERS 

4 

PEOPLE 

5 

COMPET 

6 

SERVICE 

7 

CUSTOM 

1 5 25 1 6 5 2 20 

2 60 150 12 30 4 5 50 

3 20 45 5 15 3 2 25 

4 11 30 2 10 3 2 20 

5 45 75 12 20 2 4 30 

6 6 10 3 8 2 3 16 

7 15 29 5 18 4 5 30 

8 22 43 7 16 3 6 40 

9 29 70 4 15 2 5 39 

10 3 40 1 6 5 2 5 

11 16 40 4 11 4 2 17 

12 8 25 2 9 3 3 10 

13 18 32 7 14 3 4 31 

14 23 73 10 10 4 3 43 

15 81 150 15 35 4 7 70 



RESULTS 

Descriptive Statistics 

Mean Std. Deviation N CV 
SALES 24.1333 21.98008 15 91.07781 
POTENTL 55.8000 42.54275 15 76.24149 
DEALERS 6.0000 4.40779 15 73.46317 
PEOPLE 14.8667 8.33981 15 56.09725 
COMPET 3.4000 .98561 15 28.98853 
SERVICE 3.6667 1.63299 15 44.53569 
CUSTOM 29.7333 16.82883 15 56.59927 

Lowest C.V. indicates that particular variable 

is most consistent. 

Variable 4 the index of computer activity is 

having lowest c.v., thus it is the most consistent 

variable. 

 

 



RESULTS 
SALES POTENTL DEALERS PEOPLE COMPET SERVICE CUSTOM 

SALES 1 0.945 0.908 0.953 -0.046 0.726 0.878 

Sig. . ( 0 ) ( 0 ) ( 0) ( 0.436 ) ( 0.001 ) ( 0 ) 

POTENTL 
0.945 1 0.837 0.877 0.14 0.613 0.831 

Sig. ( 0 ) . ( 0 ) ( 0 ) ( 0.309 ) ( 0.008 ) ( 0 ) 

DEALERS 
0.908 0.837 1 0.855 -0.082 0.685 0.86 

Sig. ( 0 ) ( 0 ) . ( 0 ) ( 0.385 ) ( 0.002 ) ( 0 ) 

PEOPLE .953 0.877 0.855 1 -0.036 0.794 0.854 

Sig. ( 0 ) ( 0 ) ( 0 ) . ( 0.449 ) ( 0 ) ( 0 ) 

COMPET -0.046 0.14 -0.082 -0.036 1 -0.178 -0.015 

Sig. ( 0.436 ) ( 0.309 ) ( 0.385 )  ( 0.449 ) . ( 0.263 ) ( 0.479 ) 

SERVICE 
0.726 0.613 0.685 0.794 -0.178 1 0.818 

Sig. ( 0.001 ) ( 0.008 ) ( 0.002) (0) (0.263) . ( 0 ) 

CUSTOM 0.878 0.831 0.86 0.854 -0.015 0.818 1 

Sig. ( 0 ) ( 0 ) ( 0 ) ( 0 ) ( 0.479 ) ( 0 ) . 

Correlation coefficients and significance value 

 



RESULTS 
Coefficients

a
 

Model 

Unstandardized Coefficients 

Standardized 

Coefficients 

t Sig. B Std. Error Beta 

1 (Constant) -3.173 5.813  -.546 .600 

POTENTL .227 .075 .439 3.040 .016 

DEALERS .819 .631 .164 1.298 .230 

PEOPLE 1.091 .418 .414 2.609 .031 

COMPET -1.893 1.340 -.085 -1.413 .195 

SERVICE -.549 1.568 -.041 -.350 .735 

CUSTOM .066 .195 .050 .338 .744 

 
•The STANDARDISED COEFFICIENTS indicates variation in dependent variable explained by each independent variable.(consider 

absolute value) when intercept is zero. 

•UNSTANDARDISED COEFFICIENTS are  coefficients of independent variable in regression equation. 

•Here we can see that highest variation is explained by COMPET i.e. 189.3% and lowest variation is explained by CUSTOM i.e. 

6.6%. 

 



RESULTS 

•Tolerance is measure of co-linearity and multicollinearity. 

•The tolerance of variable ‘i’ (TOL i) is {1- (Ri)
2}. 

•The range of tolerance depends on the situation. 

•Variance inflation factor(VIF) is directly related to tolerance value {VIF i = 1/ TOL i} 

•Large VIF indicates a high degree of co-linearity or multicollinearity among the independent variables. 

•Range of VIF is zero to infinity. It should be less than 10. Greater than 10 indicates severe  Multicollinearity 

Model Collinearity Statistics 

  Tolerance VIF 

Constant     

POTENTL .137 7.316 

DEALERS .178 5.622 

PEOPLE .113 8.829 

COMPET .790 1.266 

SERVICE .210 4.762 

CUSTOM .128 7.820 



RESULTS 

•Here, r = 0.989 which indicates a strong uphill (positive ) linear relationship.  

•R square is 0.977 i.e. 97.7 % variation in dependent variable has been explained by independent 

variables and remaining 2.7% is due to error. 

•Adjusted R square is 0.960  

The adjusted R-squared is a modified version of R-squared that has been adjusted for the number of 

predictors in the model. The adjusted R-squared increases only if the new term improves the model 

more than would be expected by chance. It decreases when a predictor improves the model by less 

than expected by chance. The adjusted R-squared can be negative, but it’s usually not.  It is always 

lower than the R-squared. 

[NOTE: 

• Use the adjusted R-square to compare models with different numbers of predictors 

•Use the predicted R-square to determine how well the model predicts new observations and whether 

the model is too complicated.] 

 



RESULTS 

Durbin-Watson Statistic measures autocorrelation. 

D   2(1-     ) 

 If strong positive autocorrelation then      = 1 and  DW = 0 

 If strong negative autocorrelation then     = -1 and DW  4 

 if no autocorrelation then      = 0 and DW = 2 

So the best can hope for is a DW of 2. 

Here, the value of Durbin-Watson is nearer to 2, it implies that there is no  

autocorrelation in the model. 



RESULTS 

ANOVA
a
 

Model Sum of Squares df Mean Square F Sig. 

1 Regression 6609.485 6 1101.581 57.133 .000
b
 

Residual 154.249 8 19.281   

Total 6763.733 14    

 

Here, the significance value is 0.000 i.e. it is less than 0.05(level of significance). 

If the p-value is less than or equal to significance level, NULL HYPOTHESIS is rejected and 

concluded that there is a significance difference between means.  



CONSEQUENCES OF MULTICOLLINEARITY 

 1. Although BLUE, the OLS estimators have large variances and covariance, making precise 
estimation difficult. 

The speed with which variances and covariance increase can be seen with the variance-inflating 
factor (VIF), which is defined as- 

 

VIF shows how the variance of an estimator is inflated by the presence of multicollinearity 

 2. Because of consequence 1(VIF>10) , the confidence intervals tend to be much wider, leading to 
the acceptance of the “zero null hypothesis” (i.e., the true population coefficient is zero) more 
readily. 

 In cases of high collinearity the estimated standard errors increase dramatically, thereby making 
the calculated values of t-test smaller. Therefore, in such cases, one will increasingly accept the null 
hypothesis that the relevant true population value is zero.  

   

 



3. Also because of consequence 1, the t ratio of one or more coefficients tends to be statistically 
insignificant. 

 As noted, this is the “classic” symptom of multicollinearity. 

 If R2 is high, say, in excess of 0.8, the F test in most cases will reject the hypothesis that the partial slope  
coefficients are simultaneously equal to zero, but the individual t tests will show that none or very few of 
the partial slope coefficients are statistically different from zero. 

 4. Although the t ratio of one or more coefficients is statistically insignificant, R2, the overall measure of 
goodness of fit, can be very high. 

In cases of high collinearity, it is possible to find, as we have just noted, that one or more of the partial 
slope coefficients are individually statistically insignificant on the basis of the t test.  

Yet the R2 in such situations may be so high, say, in excess of 0.9, that on the basis of the F test one can 
convincingly reject the hypothesis. 

This is one of the signals of multicollinearity—insignificant t values but a high overall R2 (and a significant 
F value). 

 

CONSEQUENCES OF MULTICOLLINEARITY 



 5. The OLS estimators and their standard errors can be sensitive to small changes in 
the data. 

 6. Multicollinearity reduces the precision of the estimate coefficients, which weakens 
the statistical power of your regression model. You might not be able to trust the p-
values to identify independent variables that are statistically significant. 

  

  

CONSEQUENCES OF MULTICOLLINEARITY 



DETECTION OF MULTICOLLINEARITY 

 1. High R2 but few significant t ratios. 

 2. High pair-wise correlations among regressors:                 Another 
suggested rule of thumb is that if the pair-wise or zero-order correlation coefficient between 
two regressors is high, say, in excess of 0.8, then multicollinearity is a serious problem. 

 3. Examination of partial correlations 

 4. Auxiliary regressions: one way of finding out which X variable is related to other X 
variables is to regress each Xi on the remaining X variables and compute the corresponding 
R2, which we designate as Ri

2; each one of these regressions is called an auxiliary 
regression, auxiliary to the main regression of Y on the X’s.  

 NOTE: SAS uses Eigen values and the condition index to diagnose multicollinearity. 

The condition number k defined as:         , 

  

  

  



MULTICOLLINEARITY-REMEDIAL MEASURES 

 (1) do nothing or  

 (2) follow some rules of thumb. 

  1. A priori information 

 2. Combining cross-sectional and time series data. 

 3. Dropping a variable(s) and specification bias. 

 4. Transformation of variables 

 5. Additional or new data. 

 6. Reducing co-linearity in polynomial regressions 

 7. Other methods of remedying multicollinearity i.e. factor analysis or principal 
components or ridge regression 



CONSEQUENCES OF AUTOCORRELATION 

 1. CONSEQUENCES OF USING OLS: in the presence of autocorrelation the OLS 
estimators are still linear unbiased as well as consistent and asymptotically normally 
distributed, but they are no longer efficient. 

 2. THE BLUE ESTIMATOR IN THE PRESENCE OF AUTOCORRELATION 



DETECTING AUTOCORRELATION 

 I. Graphical Method 

 Use a graph of residuals versus data order (1, 2, 3, 4, n) to visually inspect residuals for 
autocorrelation. 

 A positive autocorrelation is identified by a clustering of residuals with the same sign.  

 A negative autocorrelation is identified by fast changes in the signs of consecutive residuals. 

  II. The Runs Test 

 III. Durbin–Watson d Test 

 Use the Durbin-Watson statistic to test for the presence of autocorrelation.  

 The test is based on an assumption that errors are generated by a first-order autoregressive 
process.  

  

  



AUTOCORRELATION-REMEDIAL MEASURES  

 1. Try to find out if the autocorrelation is pure autocorrelation and not the result of 
mis-specification of the model. sometimes we observe patterns in residuals because 
the model is mis-specified that is, it has excluded some important variables—or 
because its functional form is incorrect. 

 2.If it is pure autocorrelation, one can use appropriate transformation of the original 
model so that in the transformed model we do not have the problem of (pure) 
autocorrelation. 

 3. In large samples, we can use the Newey–West method to obtain standard errors 
of OLS estimators that are corrected for autocorrelation. This method is actually an 
extension of White’s heteroscedasticity - consistent standard errors method. 

 4. In some situations we can continue to use the OLS method. 



CONSEQUENCES OF HETEROSCEDASTICITY 

OLS ESTIMATION IN THE PRESENCE OF HETEROSCEDASTICITY: 

  is still linear unbiased and consistent but, it is no longer best and the minimum variance 



DETECTION OF HETEROSCEDASTICITY 

 1. Informal Methods 

 Nature of the Problem 

 Graphical Method 

 2. Formal Methods 

 Park Test 

 Glejser Test 

 Spearman’s Rank Correlation Test. 

 Goldfeld-Quandt Test 

 Breusch–Pagan–Godfrey Test 

 White’s General Heteroscedasticity Test 



REMEDIAL MEASURES-HETEROSCEDASTICITY 

 1. When Is       Known: The Method of  Weighted Least Squares. 

 2. When       Is Not Known: White’s Heteroscedasticity-Consistent Variances and 
Standard Errors 



 THANK YOU 


